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Let E be a compact of C¥ and let L, be a modular functions space. In this paper
we consider the problem of analytic extension of f€ L, to a holomorphic function
defined on an open neighborhood of E. In particular, we generalize some of the
results obtained in [W. Plesniak, “Quasianalyticity in F-spaces of Integrable
Functions, Approximation, and Function Spaces” (Z. Ciesielski, Ed.), pp. 553-571,
Proceedings of the International Conference held in Gdansk, August27-31,
PWN Warszawa, North-Holland, Amsterdam, 1979; W. Plesniak, “Leja’s Type
Polynomial Condition and Polynomial Approximation in Orlicz Spaces,”
Ann. Polon. Math. 46 (1985), 268-2787] for the case of Orlicz Spaces and in
[W. M. Kozlowski and G. Lewicki, “On Polynomial Approximation in Modular
Function Spaces” (J. Musielak, Ed.), pp. 63-68, Proceedings of the International
Conference “Function Spaces” held in Poznan, August 1986, Teubner, Stuttgart,
19887 for the case of s-convex function modulars. © 1989 Academic Press, Inc.

INTRODUCTION

In this paper we consider the problem of analytic extension of measurable
functions. The idea of expressing some extension properties by means of
polynomial approximation has its origin in S. N. Bernstein’s result from
1911: if a continuous function f: [0, 1] — C can be extended to a holo-
morphic function f: U — C such that U is an open neighborhood (in C) of
[0,1] and f(x)=f(x) for xe [0, 1], then limsup, _, ., [dist;,(f, P)]"*
< 1. The symbol dist, (f, P,) denotes the supremum-norm distance
between the function f and the class of all polynomials of degree not
greater than k. The above idea was then developed and generalized to the
case of compact subsets of C" by I. Siciak [ 14, 15]. The first attempt to
obtain similar results for measurable functions and distances different from
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16 KOZLOWSKI AND LEWICKI

the supremum norm was done by W. Plesniak in 1985, who found some
conditions for Orlicz space L? (¢ was assumed to be a 4,-function). In this
paper we consider a large class of modular function spaces which contains
Orlicz spaces. In general, we prove some results without any convexity or
A,-assumptions; roughly speaking, this new approach consists in dealing
with a distance induced by a modular instead of that induced by a norm
or F-norm. This is much more convenient for applications since norms and
F-norms in modular spaces are not defined in a direct way.

Since the proofs exploit many ideas of both approximation theory and
modular space theory, we present a list of necessary definitions in the
preliminary Sections 1 and 2. Basic theorems on analytic extension have
been stated in Section 3 while in Section 4 we discuss some special cases
and examples. In Section 5 we deal with quasi-analytic functions in the
sense of Bernstein.

1
We will need the following definition.

DrerNTION 1.1 (See, e.g., [11,13]). Let E be a Borel subset of the
space C" and let u be a Borel measure on E. We say that the pair (E, u)
satisfies the L*-condition (the L*-condition at a point a € E) if and only if
for every family # of polynomials such that u(te E:sup,. & | p(t)| = +0}
=0 and for every b > 1 there exist M >0 and U an open neighborhood of
E (open neighborhood of a) such that

sup | pl < Mb%*e?  for every pe F.
U

It is clear that if E is a compact subset of C* then the pair (E, u) satisfies
the L*-condition if and only if the pair (E, u) satisfies the L*-condition at
each point ae E.

Now we will give some examples (for a more complete list of examples
see [13]). By the famous polynomial lemma of Leja [6] we have the
following.

ExaMpLE 1.2. If E is a rectifiable Jordan arc in C and p is a length
measure over E then (E, p) satisfies L* at every point ae E.

By Fubini’s theorem, from Example 1.2 we get

ExaMPLE 1.3. Let E be a subset of the space R” (R" is treated as a

subset of C” such that C*=R"+iR"). Let m, denote the Lebesgue
n-dimensional measure. (E, m,) satisfies L* at ae E if there exists a non-
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singular affine mapping /: I, - R" such that ael(1,) = Eu {a}, where I, is
the nth Cartesian power of I=[0, 1]. In particular, for every bounded
convex set Ec R” such that int E # & or else for every bounded Lipschitz
domain (of class Lip 1) the pair (E, m,) satisfies L* at every point ae E.
We add that the condition L* is invariant under nondegenerate
holomorphic mappings from C” to C” (see [9, 13]).

We also have the following geometrical criterion for L* (see [12, 13]).

THEOREM 1.4. Given ae E, suppose that there exists an analytic mapping
h: [0, 17— E such that h(0) = a. The pair (E, p) satisfies L* at ae E if the
pair (E, p) satisfies L* at h(t) for each te (0, 1].

In Sections 3 and 5 we also need the following

DerFINITION 1.5 Let E be a compact subset of C”. Put E={teC":
| ()| < || pll 5 for every polynomial p} (|| pll z denotes thg supremum norm
on the set E). We say that E is polynomially convex if E = E.

In the case when E is a compact subset of C, by the Runge theorem, we
have: E is polynomially convex if and only if C u {0 }\E is connected.

If £« C” is compact, polynomially convex set the following theorem is
true. H(E) denotes the class of all complex-valued functions on E that can
be extended to holomorphic functions in a neighborhood at E.

THEOREM 1.6 (See [14,15]). If fe H(E) then limsup, _, . [dist, ., (f, P.)1"*
<1, where P, denotes the class of all polynomials of degree <k.

2

Let us recall some basic concepts of the theory of modular spaces
after [8]. Let X be a real- or complex vector space; a functional
p: X > [0, + 0] is called a modular, if there holds for arbitrary x, ye X

1. p(0)=0,
2. plax)=p(x) for every a € K (K=R or K=C) such that |¢| =1,
3. plax+By)<p(x)+p(y) for a, 20, a+p=1.

If in place of 3 there holds for some se (0, 1]

3. plax+pyy<alp(x)+ fo(y) for o, 20, o’ +p°=1, then the
modular p is called s-convex; 1-convex modular is called convex. If p is a
modular in X then X,={xeX:lim; ,,p(ix)=0}is called a modular
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space; X, is a vector subspace of X. For a modular p in X we may define
the F-norm |-|, by the formula

|x|, = inf{u>0: p(x/u) <u}.
If p is an s-convex modular then the functional

x| =inf{u>0: p(x/u'") <1}

is an s-homogeneous norm in X, (a norm for s=1) called the Luxemburg
norm. We note the following basic properties of the above-introduced
notions.

THeOREM 2.1 (See [8, Th.1.5, Th.1.6]). (a) If p(ix;)<p(ix,) for
every A>0, where x, x,€ X, then |x,|,<[x,],.

(b) If xeX,, then |ax|, is a nondecreasing function of a>0.
(c) If x|, <1 then p(x)<|x|,.

(d) Ifx,, xeX,, then |x,— x|, — 0 if and only if p(a(x,— x)) = 0 for
every o> 0.

(e) If p is s-convex, then properties (a), (b), (c) remain valid if we
replace |x|, by |x|3,.

DeriNiTION 2.2 (See [8, Def. 1.7]). A modular p is called

(a) Right-continuous, if lim, _, ;+ p(Ax) = p(x) for all xe X,
(b) Left-continuous, if lim, , ;- p(4x) = p(x) for all xe X,
(c) Continuous, if it is both right- and left-continuous.

It is easy to prove the following result (for s-convex modulars the result
is given in [8, Th. 1.8].

THEOREM 2.3. (a) If p is right-continuous then the inequalities |x|, <1
and p(x) <1 are equivalent.

(b) If p is left-continuous then the inequalities |x|,<1 and p(x)<1
are equivalent.

We will need the following extension of the above theorem

PROPOSITION 24. If p is left-continuous then the inequality |x|,<u
implies

p(x/u)<u

The proof is straightforward.
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DEFINITION 2.5 (see [8, Def. 5.1]). A sequence (x,) of elements of X, is
called modular convergent to x€X, (p-convergent) if there exists a >0
such that p(A(x, —x))—0 as k- co.

ProrosiTiON 2.6 (See [8, Prop. 5.21). p-convergence in X, follows from
F-norm convergence in X ,.

In the sequel we shall deal with a particular class of medular spaces,
modular function spaces introduced in [3, 4]. Some examples of modular
function spaces will be listed below. Now we would like to give some
definitions and facts of this theory; for a more complete and more general
exposition of the theory the reader is referred to {3, 4].

Let E be a compact subset of C” (n is a fixed natural number). By 2 we
will denote the g-algebra of subsets of E induced by the o-algebra of all
Lebesgue measurable subsets of C”. By M(E) we will denote the space of
all X-measurable, C-valued functions defined on E; let S denote the
subspace of all Z-measurable simple functions, If 4 = E then 1, will stand
for its characteristic function.

DerFmITION 2.7. A set function u: X — [0, oo] will be called a
o-subadditive measure or simply a o-submeasure if and only if

L n(d)=0,
2. U, 4,) <271 n(4,) for any sequence of A, %,
3. 9(A)<y(B)if A,BeX and A< B.

DerniTion 2.8 (See [3, 4]). A functional p: M{(E)x2 —[0, 0] is
called a function modular if and only if the following conditions are
satisfied :

A,. p(0,4)=0 for each 4eX;

A,. If AeX, fige M(E), and |f(x)|<|g(x)| for all xe A then
p(f, A)<p(g, 4);

A;. Forevery fe M(E), p(f,-): 2 - [0, ] is a g-submeasure;

A4 For every AeX p(a, A)—>0 as a— 0", where for the sake of
simplicity we write p(a, 4) instead of p(al 4, 4) (p(a) stands for p(a, E));

As. If p(a, 4)=0 for an >0 (4eX) then p(f, 4)=0 for every
B>0;

Ag.  pla, -) is order condtinuous on X for ali >0, ie., p(a, 4,) -0
ifA4,—>J;

Aq. p(f, A)=sup{p(g, A): g€, |g(x)| < |fix)| for each xe A}.

DeriniTION 29. A set AeX is said to be p-null if and only if
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p(a, AY=0 for every o >0. We say that f'= g p-almost everywhere (p-a.c.)
if the set {xe E: f(x)# g(x)} is p-null

ProprosITION 2.10. If A€k, fe M(E) then p(f, A)=0 if and only if
A nvsupp(f) is p-null, where supp(f)={xe E: f(x)#0}.

Let us put p(f) = p(f, E) for every f e M(E). By the above proposition
we may, identifying in M(E) functions which differ only on p-null sets,
regard a functional p: M(E)— [0, o] as a modular. Namely we have the
following theorem.

THeOREM 2.11 (see [3, 4]). The functional p: M(E) — [0, o] defined
by p(f)=p(f, E) is a modular.

According to the general modular theory we can define a modular space
L,={feM(E):p(4f)>0asi—0"}.

We shall equip L, with an F-norm |-|, (s-norm |-|; (s-norm |-|; in the case
of s-convex p) induced by the modular p. It is evident in view of A, that
L, contains all bounded measurable functions.

We note two very important results about modular function spaces.

THEOREM 2.12 (See [3, Prop.2.6, Th.3.6]). (a) If f., [feM(E),
EcXZ, and f,3f in A then p(a(f,—f), A)—0 for all a>0, ie,
|(fa=S)14l,—0.

(b) L, is complete, i.e., L, is an F-space (Banach space in the convex
case).

ExampLE 2.13. Let u be a nonnegative finite measure defined on 2. Let
us consider a function ¢: Ex R, — R satisfying the following conditions:

(i) For every xe E ¢(x, -) is a nondecreasing, continuous function
such that ¢(x,0)=0, ¢(x, u)>0 for u>0,

(i) (- u)is a Z-measurable, locally integrable function for all u > 0.

It is easily seen that p(f, A)={, @(x, |f(x)|) du is a function modular.
The modular space introduced by p is called the Orlicz—Musielak space L?
(see [2, 8]). If o(x, u)=¢(u) is independent of the variable x we say that
L? is an Orlicz space.

ExampLE 2.14. Let M be a family of countably additive nonnegative
measures on X and let ¢ be a function satisfying (i) and (ii) from
Example 2.13. The modular I,(f)=sup,c [z @(x, |f(x)])dy may be
regarded as a function modular (see [ 1, 3,4]).
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ExampLe 2.15. In [3] it was shown that spaces of functions which are
integrable with respect to linear or non-linear operator-valued measures
are the modular function spaces.

Recali that a function f'e M(FE) is said to have an absolutely continucus
F-norm if and only if for every sequence A, such that 4,| ¢ there
holds |f1,,,—0. In general not all members of L, have this property,
therefore we shall distinguish the class of functions having it and denote it
by E,. Clearly E, is a linear subspace of L,; it plays a similar role as the
so-called space of finite elements in the theory of Orlicz spaces. The most
important properties of E, are given in the following theorem.

THEOREM 2.16 (See [3, Ths. 4.2, 4.3, 4.5, 4.6]). (a) E, is a closure of
the space of simple functions S.

(b) (Vitali theorem) If f,€E,, feL,, and f,— f p—ae. then the
Sfollowing conditions are equivalent:

(i) feE,and |f,—f1,-0,
(ii) For every a>0 p(of,, -) are order equicontinuous, ie., if A e X,
AL then sup,plaf,, A,)— 0 as k— .
(¢} (The Lebesgue dominated convergence theorem) If f,— f
p—ae. (f,, fe M(E)) and there exists a function geE, such that
| f.(x0) < | g(x)| p—a.e. for every natural n then | f,— f|, 0.

Dermvtion 2.17. By L?, we shall mean a class of f'e L, such that p(f, -)
is order continuous. The smallest linear subspace of L, which contains L9
will denoted by L.

Now we shall give the following

DerFINITION 2.18. We say that p satisfies the 4,-condition if and only if
for each sequence of f, e L¢ the following implication holds: p(f,, -} are
order equicontinuous implies p(2f,, -) are order equicontinuous.

The above-introduced condition generalizes the 4,-condition used in the
theory of Orlicz—-Musielak spaces. We have the following characterization
of modular function spaces L, with p satisfying the 4,-property.

THEOREM 2.19 (See [4, Th. 3.1.6]). If Lg is absorbing in L, (which
implies L{, = L,) then the following conditions are equivalent:

(a) p satisfies the A,-condition,
(b) LY is a linear subspace of L,
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(c) E,=L%=L,,
(d) The modular convergence is equivalent to the F-norm convergence
inL,.

Our concept of the 4,-condition, though useful and structural, cannot be
applied in many situations when some numerical calculations are needed.
This is why we shall pose another definition.

DerNiTION 2.20. We say that the function modular p satisfies the
A3-condition if to every d>0 there corresponds a positive number c(d)
such that p(f+ g)<c(d) whenever p(f)<d and p(g)<d Let B(d)=
{feL,:p(f)<d}.

THEOREM 2.21 (See [8, Th.6.27]). If p is a A,-modular then there exists
a d>0 such that

sup{p(f+g): f, ge B(d)} = c(d) < +oo.

This partial result, however, does not answer the question when both
conditions 4, and A} are equivalent. It is clear that A4} implies 4,; the
inverse implication, however, may not hold (see Example2.21.a).
Nevertheless, for a large class of modular function spaces, Orlicz and
Orlicz-Musielak spaces included, both conditions are equivalent.

ExampLE 2.21.a. Let X=[0, 1) and let (X,),. y be a countable disjoint
partition of X such that m(X,)=277, where m denotes the Lebesgue
measure on [0, 1). Let & be a d-ring generated by all sets of the form
An X, (peN, A are measurable). For a measurable function /: X —» R and
Ec [0, 1) measurable we define

ool

pLE)= T (Lmlflpdm)wﬁup {anE‘f"’dm;PeN}-

p= P
It is easy to verify that p is a function modular. Moreover, p does not

satisfy the 4}-condition. Indeed, put u,=2-1 x, for pe N. We observe that
p(u,)=2 while

p(2up)>L( 2727 dm=2" >0  as p-»oo.

One can prove, however, that L, =L2; i.e., p satisfies the A,-condition.

In the sequel the following technical rest will be frequently used.
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LeMMA 2.22. Let p be a function modular and let f, € L,. If there exists
a constant ¢ > 1 such that

>0 (resp. 3 ple'fe) < -+ lim sup ()1 <1 ),
k=1 -

then for every be |1, ¢)

[6%f:l , =0 (resp. i 162l , < +00, lim sup [|6%], 1" < 1).

k=1 k— oo

Proof. Fix be (1, c) and put d, = max{(b/c)*, p(c*f,)}. Then p(b*f,/d})
< p(c*f) < d, which gives |b*f,|, <d,. The rest of the proof is elementary.
In the case of s-convex p we can obtain a similar result for |-|3.

3
Applying Theorem 1.6 we may prove the following

THEOREM 3.1. Let E be a compact, polynomially convex subset of C" and
let p be a function modular. Denote H,(E) = H(E) n L,. There exists a
constant ¢>1 such that lim, _, ,, dist,(c*f, P,)=0, where P, denotes the
class of all polynomials of degree <k and

dist, (c*f, P,) =inf{p(c*f— p): pe P}  for keN.

Proof. By Theorem 1.6 for every function f, holomorphic in a
neighborhood of E, there holds lim sup, _ . [dist, (f; P,)]"* < 1. This
means that there exists a constant b < 1 such that || f — p,ll < b* for some
preP, and k=k, Let ¢>1 be such that ¢-b<1. By A, and A, of
Definition 2.8 we get

dist,(c"f, P) < p(c*(f = pi)) < pUI*(f — pidll £) S p(c* 1 f = picl )

<p(ck - Y<K p((ch)) -0  as k- co.

This completes the proof.

By similar reasoning and using Remark 5.2 in [10] one can easily obtain
the following result.

Remark 32. Let E be a compact subset of C” and left f be an entire
function. Then for every ¢> 1, lim, _, , dist, (c*f, P,)=0.

Remark 3.3. Assume that p, E are such as in Theorem 3.1. Assume
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furthermore that for every ae(0,1)limsup,_, [p(a*, E)]*<1. If
f € H,(E) then lim sup, _, ,[dist,, (f; Px)]"*<1.

Proof. Using the estimation from Theorem 3.1 we have
p(c*(f—pe))<p(a*, E)  where a=c-b<l.

By the assumption on p and by Lemma 222 we have
lim sup, _, ., [|f— pil ,1"¥ <1 which gives the result.
The next theorem gives a partially converse result to Theorem 3.1.
THEOREM 3.4. Let p be a function modular. Let E be a compact subset
of C" and let u < p (i.e., u equals zero on p-null sets) be a Borel measure such
that (E, p) satisfies L*. If for a function fe L, we may choose a constant

d>1 and an increasing sequence k, € N such that k;,— 4+,
lim sup,_, , ki1 /k; < o0, and 33, dist,(d*f, P,) < co then f e H,(E).

Proof. By Lemma222 we can choose ce(l,d) such that
>, dist, (¥, P)<co. Put dy=dist, (¢, P)+27/ for j=1,2,...
Then to every jeN there corresponds a polynomial p;e P, such that
le®(f — p;)l, <d,. We note that

Ickj(pj-}‘l_P})lp< Ickj(f—Pj+l)lp + ]ckj(f—p_))lp < Ickj+l(f_pj+l)lp
+1(f =), <d 1 +d,

Consequently, in view of Theorem 2.1.c, for j sufficiently large we get
P(Ck’(Pj+ 1 l’j)) < lckj(l’j+ 1~ pj)lp < d}+ Iy d]
Now define the set

D={reE:supc®|p, (1)~ p(1)] = +0}.

JEN
We shall prove that u(D)=0. For j,ne N put
Ej,nz {ZEE: ckjlpj-{—l(t)_pj(t)l >n}

and E,=U);2,E,,. It is easy to see that £, E,,, and 2., E,=D. Let
us fix «>0; for n>a we have

p(O(, Ej,n) S.D(ns Ej,n) Sp(ckj(pj+ 1 —pj)’ Ej,n) <p(ckj(pj+1 - pj))
<d+d,,.
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Thus,

o) o0 o
P(OC, En)g Z p(oc, l;:_/,n)< Z dj+ Z dj+1 —5'0
J=n j=n j=n

as n— o0, because > .72 d, < o0.

Since D c E, for every ne N, it follows that p(a, D)< p{a, E,)— 0 and
consequently p(a, D)=0 for all «> 0. The latter fact implies u(D) =0, since
u < p. Hence by the L*-condition, for every > 1 there exist A >0 and an
open neighborhood U of E such that

sup [¢¥(p, ()~ pA)| <Y+ M for j=1,2,...

te U

Choose b > 1 such that b/c"* < 1, where k >lim, sup k, , ,/k,. Compute

bkj+l b+ b k)1
fgg 1P, () —plO)I <M 5 SMc(k]/qu)-kﬁlgM(c—l/;)

for j sufficiently large. This means that the series

o«

Pt Z (pjv1—1,)
i

J=

is uniformly convergent in U to a holomorphic function f. This implies by
Theorem 2.12a, that | p,1,—f1,|,— 0. Hence, since |p,— f|, =0, f=f1,
p—a.e. which gives f= f1, py—a.e. by the absolute continuity of u with
respect to p. The proof of Theorem 3.4 is fully completed.

4

Let us consider the following condition:

(4.1) There exists K> 1 such that p(2f) < Kp(f) for every feL,;

{42) To every b>1 there corresponds ¢>1 and kye N such that
p(c*f )< b*p(f) for every fe L, and k > k,.

Lemma 4.3. Conditions (4.1) and (4.2) are equivalent.

Proof. 1If p satisfies (4.1) then its is easy to show by the induction that
p(2"f)< K"p(f) for every fe L, and neN. Fix b> 1. If b > K then we can
put ¢=2 and k,= 1. So assume that be (1, K) and choose k, € N such that
b= K. Put ¢c=2Y?* and fix k>k,. We can write k=mk,+ p where
m, peN, m= p, and p <k,. Compute

b p(f) 2 b™p(f) 2 K7p(f) = p(27f) = p(c*™ ) 2 p(c™* 7f ) = p(c*f).
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To prove the converse, fix an arbitrary 5> 1. By (4.2) we get constants
koeN and c¢>1 such that p(c*f)<b*p(f) for k=ky, feL, Choose
k, >k, such that ¢*' > 2. Thus

p(2f) < p(f) < b*p(f),

which completes the proof.

Using Lemma 4.3 we can prove the following

THEOREM 4.4. Let p, u, and E be the same as in the assumptions
of Theorem 3.4. Assume additionally that p satisfies (4.1) and that there

exists a strictly increasing sequence (k;) of natural numbers such that
lim sup; , , k;,1/k, <0 and

(4.5) lim sup [dist,,(f, P, )] < 1.

jo o
Then f'€ H,(E).

Proof. In view of Theorem 3.4 it suffices to find a constant ¢ > 1 such
that

0
Y, dist,(c*f, P,) < co.
J=1

From (4.5) it follows that there exists d € (0, 1) such that dist,(f, P;) < dk
for j sufficiently large. Choose b > 1 such that bd < 1. Then

b% dist,,(f, Py ) < (db)"
and by Lemma 4.3 we may find ¢> 1 such that
dist,,(c¥f, P, ) < b" dist,(f, Py) < (bd)".
Thus the series

Y, dist,(cf, Py)
=1

J
is convergent, which completes the proof.

Remark 4.4.a. Note that the F-norm |[-|, induced by an arbitrary
function modular p may be regarded itself as a function modular. It is clear
that |.[, satisfies (4.1). Hence, we may replace (4.5) by

(4.6) lim sup[dist,., (f, P)]1"<1

J—
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and Theorem 4.4 remains valid. In case of Orlicz spaces L? with ¢
satisfying the 4,-condition such a result was given in [13].

We would like to stress that, in general, it is much easier to work with
conditions imposed on modulars than with conditions involving F-norms
because of their indirect definition. However, in some cases both conditions
(4.5) and (4.6) are equivalent.

ProOPOSITION 4.7. If p satisfies (4.1) then (4.6) is equivalent to (4.5).

Proof. Since p(f)<|f|,<1 holds, it follows that (4.6) always implies
(4.5). To prove the converse let us choose de (0, 1) such that dist (1, P,) < d*
for k > k,. There exists a sequence of w, € P, such that p(f —w,)<d*. Let
b> 1 be so chosen that bd < 1. By Lemma 4.3 there exists ¢> 1 and ky e N
such that for k=%,

P (f—w)) < b*p(f—w,)<(bd) >0  as k- .

The rest of the proof will be divided into two parts.

(a) Let p be s-convex, se (0, 1]. Since p(c*(f —w,)) <1 for large k,
then

|f = wil, < (Q)cky = (1/e’)
and
[dist, 1,(f, PO IV < (1f = wil3) < 1" < L.
Hence,

lim sup[dist, | (f, P)]"* <1/ < 1.

k— oc

(b} Suppose p is not s-convex. Put ¢ =max(bd, 1/c), then we have
p((f —w,)/q") < ¢* and consequently |/ —w,|, < ¢*. Hence,

lim sup[dist; | (f, )] <q<1.

k - oo

PROPOSITION 4.8. Assume that to every a>1 there corresponds d>0
such that

(4.9) lefl,z(1+d)-|fl, foral felL,.
If there exists ¢ >0 such that dist (c*f, P,) — O then

lim sup[dist, ; (£, POV < 1.

k— o



28 KOZLOWSKI AND LEWICKI

Proof. By Lemma 2.22 we can find be (1, c) such that dist,.| (b"f, P;)
— 0 and consequently Ibk(f——pk)lp — 0 for some p, € P,. By (4.9) we get

|f = el (1 +dV < |B(f — pi)l , < 1
for k sufficiently large.

Let us note that every s-homogeneous norm satisfies (4.9) with
1+d =c’. To obtain a sufficient condition for {(4.9) formulated in terms of
a modular we define the foliowing function:

w(t)=sup{p(tf)/p(f): fe L\{0}}.
PrRoOPOSITION 4.10. If to every c¢> 1 there corresponds d>0 such that
1+d
4.11) w(i;—>-(1+d)<1,
then (4.9) holds.
Proof. Fix ¢>1 and choose d >0 such that (4.11) holds. Put
L=(1+d)" " {a>0:p(cfla)<a}

and

P={B>0:p(fIB)<B}.
We claim that L < P. Indeed, let y € L; hence,

p(fiA)=p (-l—i—d-y(lcfdﬂ W <1 td) b (y(lcid))

1+d
<w<—+7—>(1+d)?<% ie., yeP.

We have (1+d) ! lef|,=inf L= inf P=|f], which gives (4.9).

Using Theorem 4.4, Remark 4.4a, and Propositions 4.8 and 4.10 we
obtain immediately the following result which generalizes Theorem 2.3 of

[51

THEOREM 4.12. Let p, u, and E be the same as in the assumptions
of Theorem3.4. Let feL, and let us assume additionally that p satisfies
(4.11) (in particular p can be s-convex or it can satisfy (4.9)). If
lim, _, ,, dist,(c*f, P,)=0 then f € H (E).

Now we will show a possible method of application of the above.
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ExampLe 4.13. Let Ec C be a sphere of radius re(0, 1) and center at
zero. Consider a function fe L, defined by the formula

oC

Sx)= z a fi(x),

k=0

where a, € C, f, are measurable functions defined in C, and the convergence
of the series is understood in the sense of [-|,. Assume [, cE are
measurable, f,(x)=x* for every xel,, and |a,| <M for all keN. We
would like to find out when f may be extended to a holomorphic function
in a neighborhood of E. Let u be the length measure in E and let p be a
function modular satisfying (4.11) such that p is absolutely continuous with
respect to p. By Example 1.2 (E, u) satisfies the L*-condition in this case.
In view of Theorem 4.12 it suffices to find d> 1 such that dist (d*/, P,) — 0
as k — co. Denoting

k
we=Y a;x' and  D,=FE\,

i=0

we get

dist (d"f, P,) < p(d“(f —wi)) < p(d"(f = wi), L) + p(d*(f ~ wi), Dy)

<o (dk S laf r') o (f—wy), Do)

1=k+1

S p(Mr(1—r)~1dr)) + p(d*(f — wi), D).

The first term on the right tends to 0 for dr < 1. The question of analytic
extension of f has been, therefore, reduced to the question whether
p(d*(f —wy), D;) tends to zero. The latter problem may be solved in
various ways depending on the form of the modular. For instance,
let o(f)={z@(fl)du be an Orlicz modular with ¢ satisfying the
4,-condition. Observe that if there exists a function ge L, such that
Lf(x) — we(x)l <]g(x)| for x& D, and sufficiently large £ e N, then

P (S =w D)= o(d I f=wil) du<fT* | o(1f =) du
<#* [ ollg)) du,

where M is the 4,-constant. We conclude then, that in order to prove
f € H,(E) it suffices to check whether [ b, @(18l) du tends to zero faster than
MF* tends to infinity.
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5

Let p be a function modular and Z< L,; define R(Z)=inf{r(f):
f€Z\{0}}, where r(f)=sup{|tf],: 1>0}. Similarly we may put R,(Z)=
inf{r,(f): fe Z\{0}}, where r,(f)=sup{p(1f): 1 >0}.

For an arbitrary function modular p we have

ProposiTION 5.1. R(L,)=0 if and if R,(L,)=0.

Proof. Assume R(L,)=0; fix ¢€(0,1), and choose a function
feL\{0} such that r(f)<e. Then we have

ro(f)=sup{p(tf): 120} <sup{|{f],: 120} =r(f)<e

and by the arbitrariness of ¢ we get R,(L,)=0. Let R,(L,)=0; to every
¢>0 there corresponds a function feL,\{0} such that p((z/s) ) <e for
every t > 0. Hence, |#f|, <& for arbitrary 1> 0 and consequently R(L,)=0.

In the sequel we will need the following two definitions.

DEerFINITION 5.2. A non-p-null set 4 € X is called an atom if and only for
every Be X, B < A there holds either B is p-null or p(a, B) = p(a, A) for all
a>0.

DerFINITION 5.3. We say that a function modular p is atomless in
E((E,cE, E;eX, E| i3 not p-null) if and only if there is no atom which
is included in E,.

Let us consider the following conditions:

(Cy) If 4,e2 and 4, ] & then lim,, , (sup{p(x, 4,):«>0})=0,

(C,) There exists a constant d> 0 such that sup{p(a, A):¢>0}>d
for every A e X which is not p-null.

Theorem 5.9 will state that, under some assumptions on p, there exist in
L, some quasi-analytic functions (cf. Def. 5.7) that cannot be extended to
holomorphic functions. In the proof of that resuit we apply the “lethargy”
theorem of Bernstein for F-spaces (Th. 5.6). To apply this theorem we have
to assume that R(Z) >0 form some nontrivial subsets Z of L,. It follows
immediately from the definition that R(Z)= oo for Z# {0} and s-convex
modulars (0<s<1). Condition (C,), which implies R(L,)=0, is, for
instance, satisfied for the modular

o= BUx)) d,
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where #(0)=0, ¢ is nondecreasing even, nonnegative, and lim,, , ., ¢{u)< c0.
R(Z) > 0 whenever (C,) holds. The latter is, for example, satisfied by Orlicz
modulars for which

lim ¢(u)=co.

U - 0

PropPoSITION 54. If p satisfies (C,) and there is a set E, < E such that
p is atomless in E; then R,(L,)=0.

Proof. Since p is atomless in £, we can choose a sequence (A4,) of
2-measurable subsets of £, such that 4, ] and 4, is not p-null for
n=12,...Put V,={feS:fl;,=0}. Observe that ¥, are nontrivial
subspaces of L,. For every fe V, there holds

ro(f)=sup{p(tf): 1 =0} =sup{p(sf, 4,): 1= 0} <sup{p(x, 4,): a>0}.

Hence,

R(L,))=inf{r,(f): fe L\{0}}

<inf{rp(f):fe U V,,\{O}}ssup{p(oc, A,):a>0}

n=1
forn=1,2, .. and by (C,) R,(L,)=0.

PROPOSITION 5.5. If p satisfies (C,) then R,(Z)>0 for every nontrivial
subset Z of L,,.

Proof. Let feL\{0}, denote A,={xeE:|f(x){=1/n}. Note that
(4,) is nondecreasing and 4, are not p-null for n>n,. Then for n=n, we
have

ro(f) = p(n’f) = p(n’f, A,) 2 p(n, A,) = pin, A,).
Hence,

ro(f)zsup{p(e 4,):a=0} >d

and consequently R (L,)>d > 0.

Let us present the following version of Bernstein'’s “lethargy” theorem.

THEOREM 5.6 (see [7]). Let (Y, |-|) be an F-space andlet V.2 V,%---
S Y be a nested sequence of distinct, finite-dimensional vector subspaces of Y.

640/58/1-3
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Assume that

R ( U V,,) >0.
n=1
Then for every decreasing sequence (d,) of nonnegative real numbers with

lim, d,=0 there exists ye Y such that dist., (y, V,)=d, for n sufficiently
large.

We shall use the above theorem to generalize Theorem 5.2.2 from [13]
to the case of modular function spaces.

DerNTION 5.7 (See [11, Def. 4.1]). Given a Borel subset E of the
space C”, a function f€ L, is said to be quasi-analytic on E (in the sense
of Bernstein) if there exists an increasing sequence (k,) of positive integers
and polynomials p, with deg p, <k, (j=1, 2, ...) such that

(5.8) lim sup [/ — p,,]"% < 1.

J— ©

It is interesting to study when a quasi-analytic function belongs
to H,(E). By Remark 44.a this holds for (E, u) satisfying L* and
limsup; , ,, k,, 1/k, < 00. In the next theorem it will be shown that this
assumption on the sequence (k) in Remark 4.4.a is essential.

THEOREM 5.9. If E is a polynomially convex, compact subset of C”,

lim sup &, , , /k; = oo, R(U Pk>>0,
k

J— o =1

and

lim sup[p(a*)]"* <1  for every ae(0,1)
k— o

then there exists a quasi-analytic function f € L,\H ,(E).

Proof. We note that by assumption on the sequence (k,) there is a
subsequence (k) of (k;) such that lim,,_ ., k; /k; =co. For simplicity
we leave (k;) to be the subsequence. Fix a€ (0, 1). By Theorem 5.6 there
exists a function fe L, such that for k>k,, dist,. (f, Pc)=d,, where
d,=a%as k,<k<k,,, for j=1,2,... We note that

lim [dist, (f, P)]"% = lim (@) =a<1.
J— J— 0
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On the other hand,
lim sup [dist;., (£, P,)]"* = 1im sup [dist,., (£ Py, )]

K — o0 J—= >

= lim gMf+i-t=1.

j—o oo

By Remark 3.3 f does not belong to H,(E).

Let us denote the set of all quasi-analytic functions by B,(E). It is known
that, if the set of all polynomials is dense in L,, then L, = B (E)+ B,(E)
{sece [11, Prop.1.4]). This can be surprising in comparison with the
following strong identity principle.

THeOREM 5.10 (See [11] in the case of Orlicz spaces). Assume that E
is a connected open set in R", p a function modular, and let u be a Borel
measure on E, u<p. Assume furthermore that for each compact interval
I=[a,,bJx ---x[a,, b,] contained in E the pair (I, u) satisfies L*. Let
fSeB,E). If f=0 on a subset F of E such that (F, ) satisfies L* then f =0
u—a.e. on E.

Proof. At first suppose that E is a compact interval included in R”,
Since f'e B,(E) there exists a strictly increasing sequence of integers &,
polynomials p, with deg p <k, and a constant ae(0,1) such that
\f=npl, < a" for j sufficiently large. We note that

‘plelp= |(f“p;) lFlps !f—pjlp
which gives
|p,16l,<a*  for jsufficiently large.

Choose b>1 such that ab < 1. Since any F-norm satisfies condition (4.1},
by Lemma 4.3, there exists c € (1, ) such that

(5.11) Ic¥p, 1el, <b%|p, 1, < (ab)®.

Let D= {te F:sup,.y |c*p{t)] = +o0}. We claim that u(D)=0. To prove
this define for j,ne N

F, ,={teF:|chp,(t)| >n} and F,={JF,

Using (5.11), by a similar reasoning as in Theorem 3.4, we can show that
for every a>0, lim, , .. p(a, F,)=0 which gives p(x, D}=0 and finally
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u(D)=0. Now choose de (1, ¢). By condition L* there exists a closed sub-
interval I, of E and a constant M >0 such that

sup | p()l < M(djc)  for jsufficiently large.

tely

Hence, the sequence p; tends uniformly to 0 in 1, which gives /=0 y—a.e.
on I,. Let J, be a maximal element of the family ¢ of all compact subinter-
vals I of E such that Jy< 7 and f=0 y—a.e. on . We claim that J,=E.
Indeed, since f =0 y—a.e. on J, we have |p,1,| < a® for j sufficiently large
and since (Jo, p) satisfies L* we can again choose a compact interval J
such that J,<int J and p, tend uniformly to 0 in J as j— co. Thus f=0
p—a.e. on J< E, hence Jn E =J,. This is, however, possible only if J,= E
as claimed.

Thus, we can prove our theorem in the case when E is a compact
interval. The rest of the proof proceeds along similar lines as in [11,
Lemma 5.1, Corollary 5.2, and Theorem 5.4] so we omit details.
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